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The aim of this paper is to provide some solutions for the stress distribution in rectangular composite patches under in-
plane loading. Two diﬀerent cases are considered: normal stresses and shear stresses. The stress distributions in the patch,
the adhesive and the substrate show evidence of some bidirectional eﬀects, which are not accounted for by usual unidirec-
tional solutions available in the literature.
 2006 Elsevier Ltd. All rights reserved.
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The correct calculation of stress distributions in bonded joints is of key importance for proposing proper
design rules suitable for structural bonded joints. Some classical models have been developed under some sim-
ple assumptions by Volkersen (1938) or Goland and Reissner (1944) for instance. These models lead to some
closed-form solutions, which provide a frame of reference for assessing the stress ﬁeld in adhesive and adher-
ents (Adams and Peppiatt, 1973; Adams and Wake, 1984; Baker et al., 2002). More recently, these theories
have been reﬁned, for instance by allowing large deﬂections (Oplinger, 1994), elastic–plastic adhesives
(Hart-Smith, 1973a,b) or assuming more realistic assumptions regarding the stress distribution through the
thickness of the joint (Tsai et al., 1998; Hart-Smith, 1973a,b; Baker et al., 2002). Some additional features
of bonded joints such as spew ﬁllets (Tsai and Morton, 1995) or large bond layer thicknesses (Tomblin
et al., 2002) can also be accounted for. It is important to note that such theories are unidirectional, meaning
that the adherents are subjected to simple loading conditions and that the stress distribution is calculated
through the thickness of unidirectional adhesive and adherents. Actual bonded structures are however often0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.02.016
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typically bidimensional structures subjected to more complex states of stress that those which occur during
usual single- or double-lap shear tests (Baltholomeusz et al., 1999; Baker and Jones, 1988). To the knowledge
of the authors, the problem of the bidimensional stress distribution in bonded joints has only been seldom
addressed in the literature. One can expect some coupling eﬀects between directions, for instance due to the
diﬀerence of the Poisson’s ratios of the diﬀerent materials involved. Plane-strain solutions provide reasonable
solutions but in some particular cases only (Adams and Peppiatt, 1973). The substrate can also be subjected to
in-plane shear stresses and such types of loading cannot be analyzed with the classical theories recalled above.
This paper is aimed to propose solutions for the bidimensional stress distribution in rectangular bonded
patches. The plane substrate is assumed to be subjected to two types of loading conditions: uniform bidimen-
sional normal stresses and uniform in-plane shear stresses. The patch bonded on the substrate is rectangular,
thus allowing the integration of the equations obtained. Solutions in series are derived from the equations of
equilibrium in the ﬁrst part of the paper. They are then used to analyze some examples of reinforced plates.
Results found show that usual solutions proposed in the literature are eﬃcient in case of unidirectional loading
only. They are however no longer valid in case of biaxial loading, as illustrated in one of the examples, which
clearly shows evidence of some bidimensional eﬀects.
2. Statement of the problem
2.1. Objective, notations and assumptions
The objective here is to compute the shear stress distribution in the adhesive as well as the in-plane stress
components in the patch. The patch is assumed to be rectangular (see Fig. 1). Its length, width and thickness
are denoted lx, ly and ep, respectively. The thickness of the substrate and of the adhesive are denoted es and ea,
respectively. The substrate is assumed to be subjected to in-plane loading only. The stress components in the
substrate are denoted rsxx, r
s
yy and r
s
xy . The adhesive is assumed to be subjected to transverse shear stresses only.
This transverse shear stress is assumed to be constant through the thickness. These components are denoted
raxz and r
a
yz. In-plane shear stresses in the adhesive are neglected. It has been checked through various FE sim-
ulations that their order of magnitude is lesser than transverse shear stresses which take place near the free
edges. In-plane stresses denoted rpxx, r
p
yy and r
p
xy are assumed to take place in the patch. All the above stress
components depend on both the x and the y coordinates. The three materials involved in this problem are
linear elastic. Substrate and adhesive are isotropic whereas the patch is orthotropic. Material constants are
denoted Es, ms for the substrate, Ga for the adhesive and Ex, Ey, mxy and Gxy for the patch. This work is carried
out under the following usual assumptions:
• the adhesive is considered as an inﬁnite number of shear springs. Tearing, peeling and normal stresses are
neglected;
• the eﬀects of bending moments due to load-path eccentricity are not taken into account.
It must be underlined that the above assumptions are classical ones. They are used in many other studies
dealing with bonded joints (Adams and Peppiatt, 1973; Baker et al., 2002) for instance.Fig. 1. Geometry of the patched structure.
Fig. 2. Two cases under study: (a) – case 1: normal stresses only; (b) – case 2: shear stresses only.
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• the equations of equilibrium are developed in Section 2.2;
• Section 3 is then devoted to the integration of these equations in the case of a substrate subjected to a
biaxial loading (see Fig. 2a);
– the equations of equilibrium are simpliﬁed and developed in this case in Section 3.1;
– a close-form expression of the boundary conditions along C2 and C4 is obtained in Section 3.2;
– a solution in series for rpxx is proposed in Section 3.3;
– the boundary conditions along C2 and C4 are expressed in series in Section 3.4;
– the shift involved in the series is calculated in Section 3.5 and the solution is ﬁnally provided.
• the equations of equilibrium are integrated in the case of in-plane shear loading in Section 4 (see Fig. 2b);
– equations of equilibrium are simpliﬁed and then developed in the case of in-plane shear loading in Sec-
tion 4.1;
– a solution in series is provided in Section 4.2.2.2. Equations of equilibrium
The equilibrium of a small part of patch is written as follows:orpxx
ox
ep  raxz þ
orpxy
oy
ep ¼ 0
orpyy
oy
ep  rayz þ
orpxy
ox
ep ¼ 0
8>><
>>:
ð1ÞIn the same way, the equilibrium of a small part of substrate is written asorsxx
ox
es þ raxz þ
orsxy
oy
es ¼ 0
orsyy
oy
es þ rayz þ
orsxy
ox
es ¼ 0
8>><
>>:
ð2ÞSome additional assumptions are required to solve these equations in the two aforementioned cases.3. Adherents subjected to biaxial normal stresses
3.1. Equilibrium of the patch
The case of a substrate subjected to longitudinal stresses along directions x and y is studied in this section
(see Fig. 2a). The in-plane shear stress in the patch is assumed to be zero. This is justiﬁed by the very small
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the substrate reduces toorpxx
ox
ep ¼ raxz
orpyy
oy
ep ¼ rayz
8><
>: ð3Þandorsxx
ox
es ¼ raxz
orsyy
oy
es ¼ rayz
8><
>: ð4ÞThe above equations can be equated to giveo
ox
eprpxx þ esrsxx
  ¼ 0
o
oy
eprpyy þ esrsyy
 
¼ 0
8><
>>: ð5Þrsxx and r
p
xx along the parts of the boundary denoted C1 and C3 (see Fig. 1) are as follows:rsxx ¼ r1xx
rpxx ¼ 0

ð6ÞIn the same way, boundary conditions along C2 and C4 arersyy ¼ r1yy
rpyy ¼ 0
(
ð7ÞOnly the calculations concerning direction x are developed in the following, because similar results are ob-
tained along direction y. Assuming that the longitudinal stress distribution does not depend on y, Eq. (5)
can be integrated to giveeprpxx þ esrsxx ¼ esr1xx
eprpyy þ esrsyy ¼ esr1yy
(
ð8ÞThe stress in the patch can therefore be expressed as a function of the stress in the substrate and the stress
components r1xx and r
1
yyrsxx ¼ r1xx 
ep
es
rpxx
rsyy ¼ r1yy 
ep
es
rpyy
8><
>: ð9ÞSince the shear strain is assumed to be constant through the thickness of the adhesive, the transverse shear
stress raxz can be written as follows:raxz ¼ Gacaxz ¼ Ga 
upx  usx
 
ea
ð10Þwhere upx and u
s
x are the x-displacement in the patch and in the substrate, respectively. Introducing the above
equation in Eq. (3) leads toorpxx
ox
¼ Ga 
upx  usx
 
eaep
ð11Þ
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ox2
¼ Ga 
pxx  sxx
 
eaep
ð12ÞThe strain/stress equations of the patch and the adhesive are linear elastic. Thusepxx ¼
1
Ex
rpxx 
mxy
Ex
rpyy
esxx ¼
1
Es
rsxx 
ms
Es
rsyy
8><
>:Introducing the above equations in Eq. (12) leads too2rpxx
ox2
¼ Ga
eaep
1
Ex
rpxx 
mxy
Ex
rpyy 
1
Es
rsxx þ
ms
Es
rsyy
 
ð13ÞSimilar results are obtained along direction yo2rpyy
oy2
¼ Ga
eaep
1
Ey
rpyy 
myx
Ey
rpxx 
1
Es
rsyy þ
ms
Es
rsxx
 
ð14ÞEq. (9) are then substituted in the two above equations to giveo2rpxx
ox2
¼ Ga
eaep
1
Ex
rpxx 
mxy
Ex
rpyy 
1
Es
ðr1xx 
ep
es
rpxxÞ þ
ms
Es
ðr1yy 
ep
es
rpyyÞ
	 

o2rpyy
oy2
¼ Ga
eaep
1
Ey
rpyy 
myx
Ey
rpxx 
1
Es
ðr1yy 
ep
es
rpyyÞ þ
ms
Es
ðr1xx 
ep
es
rpxxÞ
	 

8>><
>>:For the sake of simplicity, the above system can be rewritten as follows:o2rpxx
ox2
¼ Arpxx þ Brpyy þ C
o2rpyy
oy2
¼ Drpxx þ Erpyy þ F
8>><
>>:
ð15ÞwithA ¼ Ga
ea
1
epEx
þ 1
esEs
 
B ¼ Ga
ea
mxy
epEx
þ ms
esEs
 
C ¼ Ga
eaep
ms
Es
r1yy 
1
Es
r1xx
 
D ¼ Ga
ea
myx
epEy
þ ms
esEs
 
E ¼ Ga
ea
1
epEy
þ 1
esEs
 
F ¼ Ga
eaep
ms
Es
r1xx 
1
Es
r1yy
 
8>>>>>>>>>>>><
>>>>>>>>>>>:
ð16ÞIt must be emphasized that the above equations were solved by Adams and Peppiatt (1973), but after remov-
ing the terms coupling the two directions: Brpyy in the ﬁrst equation and Dr
p
xx in the second one, thus leading to
an important simpliﬁcation in the resolution. These assumptions are valid if the loading is unidimensional, as
shown by Adams and Peppiatt (1973). They lead however to a solution, which is unsuitable if the loading is
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Brpyy and Dr
p
xx in Eq. (15) in order to get a solution which remains also valid in case of bidimensional loading.
Diﬀerentiating twice the ﬁrst equation of system (15) with respect to y and substituting the second equation
of the system to eliminate
o2rpyy
oy2 leads to the following diﬀerential equation:o4rpxx
ox2 oy2
 A o
2rpxx
oy2
 E o
2rpxx
ox2
þ ðEA BDÞrpxx þ CE  FB ¼ 0 ð17Þwhich can be rewritten as follows:o4rpxx
ox2 oy2
 A o
2rpxx
oy2
 E o
2rpxx
ox2
þ Grpxx þ H ¼ 0 ð18Þwith G = E · A  B · D and H = C · E  F · B. Before solving this equation in the general case, boundary
conditions must be known along the whole boundary C. Eq. (6) provides indeed boundary conditions along
C1 and C3 only. Boundary conditions along C2 and C4 are given with respect to rpyy in Eq. (7). r
p
xx must there-
fore be determined along this part of the boundary too. This is the objective of the following section. The
result obtained will then be taken as boundary condition, when solving Eq. (18) in Section 3.3. Note that it
can be easily checked that there is no analytical solution of Eq. (18).
3.2. Determining rpxx along C2 and C4
Only rpyy (and not r
p
xx) is involved in the boundary conditions given by Eq. (7) along C2 and C4. The aim here
is therefore to compute boundary conditions with respect to rpxx along C2 and C4. Eq. (7) is introduced in the
ﬁrst equation of system (15). This leads to the following equation, where function rCxxðxÞ ¼ rpxxðx; 0Þ ¼ rpxxðx; lyÞ
is the unknown rpxx distribution along C2 and C4:d2rCxx
dx2
 ArCxx ¼ C ð19ÞBoundary conditions with respect to rCxx are easily deduced from Eq. (6)rCxxð0Þ ¼ 0
rCxxðlxÞ ¼ 0

ð20ÞSolution for Eq. (19) can be written as a combination of cosh and sinh functionsrCxxðxÞ ¼ C1 cosh
ﬃﬃﬃ
A
p
x
 
þ C2 sinh
ﬃﬃﬃ
A
p
x
 
 C
A
ð21ÞC1 and C2 can be computed with the above boundary conditions and rCxx can be written as follows:rCxxðxÞ ¼
C
A
cosh
ﬃﬃﬃ
A
p
x
 
þ 1 cosh
ﬃﬃﬃ
A
p
lx
 
sinh
ﬃﬃﬃ
A
p
lx
 
 !
sinh
ﬃﬃﬃ
A
p
x
 " #
ð22ÞOne can deﬁne a so-called transfer length Ltx, which will turn out to be useful in the following sections. It is
such that the stress reaches 95% of the limit stress. It is equal toLtx ’ 3ﬃﬃﬃ
A
p ð23Þ3.3. Solution for rpxx in series
The aim is now to ﬁnd the solution for Eq. (18). At this stage, boundary conditions are known along the
whole boundary. They are given by Eq. (6) along C1 and C3 and by Eq. (22) along C2 and C4. It is proposed
that the solution for Eq. (18) takes the form
J.D. Mathias et al. / International Journal of Solids and Structures 43 (2006) 6921–6947 6927rpxxðx; yÞ ¼
X1
n¼1
X1
m¼1
F mn sin
mpx
lx
 
sin
npðUm þ yÞ
ð2Um þ lyÞ
 
ð24Þwhere Um is a shift along direction y. This shift will be determined in the following section. Such an expansion
is proposed because a more simple expression involving sin npyly
 
only would not satisfy the boundary condi-
tion along C2 and C4. It can be easily checked that the above expression tends to the solution of the usual
unidimensional problem when Um! +1. Um can be interpreted as a quantity which provides an information
on the bidimensional nature of the problem, as illustrated in the following.
The orthogonality property of sine function will be used below. It writes as follows:Z T
0
sinðmxxÞ sinðnxxÞdx ¼ T
2
dmn ð25Þwhere T ¼ 2px and dmn is the Kronecker delta function. Eq. (24) is introduced in Eq. (18) and the orthogonality
property in Eq. (25) is applied by integrating along both the x- and y-directions, x lying between 0 and lx and y
lying between Um and Um + ly. This leads to the following expression:Z lx
0
Z Umþly
Um
F mnImn sin
2 mpx
lx
 
sin2
npðUmþ yÞ
ð2Umþ lyÞ
 
dxdy¼H
Z lx
0
Z Umþly
Um
sin
mpx
lx
 
sin
npðUmþ yÞ
ð2Umþ lyÞ
 
dxdy
ð26Þ
whereImn ¼ mplx
 2 np
2Um þ ly
 2
þ A np
2Um þ ly
 2
þ E mp
lx
 2
þ G ð27ÞThusF mnImn
lx
4
 
y  ð2Um þ lyÞ
2np
sin
2npðUm þ yÞ
ð2Um þ lyÞ
 	 
Umþly
Um
¼ H lx
mp
cos
mpx
lx
 	 
lx
0
ð2Um þ lyÞ
np
cos
npðUm þ yÞ
ð2Um þ lyÞ
 	 
Umþly
Um
ð28ÞFinally, we getF mnImn
lx
4
 
½2Um þ ly  ¼ H lxð2Um þ lyÞmnp2 ½cosðmpÞ  1½cosðnpÞ  1 ð29ÞFmn can be written as follows:F mn ¼
4H ð2Um þ lyÞ
mnp2
½cosðmpÞ  1½cosðnpÞ  1
Imn½2Um þ ly  ð30Þwhich leads toF mn ¼ 16Hmnp2Imn ; m and n odd
F mn ¼ 0; m or n even
8<
: ð31ÞThe rpxx stress distribution in the patch writes eventually as follows:rpxxðx; yÞ ¼
X1
m¼1;3;5;...
X1
n¼1;3;5;...
16H
mnp2Imn
sin
mpx
lx
 
sin
npðUm þ yÞ
ð2Um þ lyÞ
 
ð32ÞSimilar expression can be found for rpyy . This expression involves a shift Um, which is determined in the fol-
lowing sections. To reach this goal, the general solution above is equated with the solution found along
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of this equation is discussed in Section 3.5.
3.4. Solution along the boundaries
The aim is now to determine Um. This shift can be determined using the boundary conditions along C2 and
C4 deﬁned in Eq. (22). Such an expression is however not compatible with the expression of the solution given
in Eq. (32). The idea is therefore to develop the solution found in Eq. (22) with Fourier series. ThusrCxxðxÞ ¼
X1
m¼1
Cm sin
mpx
lx
 
ð33Þwhere the Cm’s are coeﬃcients to be determined. To reach this goal, the above expression is introduced in Eq.
(19). This leads to mp
lx
 2X1
m¼1
Cm sin
mpx
lx
 
 A
X1
m¼1
Cm sin
mpx
lx
 
¼ C ð34ÞThis equation is then multiplied by sin npxlx
 
and integrated between 0 and lx in order to determine Cm. Cm is
ﬁnally written as follows:Cm ¼ 2C½ð1Þ
m  1
mp
mp
lx
 2
þ A
" # ð35ÞorCm ¼ 4C
mp
mp
lx
 2
þ A
" # for m odd
Cm ¼ 0 for m even
8>><
>>:
ð36ÞSolution along C2 and C4 can be written eventually as follows:rCxxðxÞ ¼ rpxxðx; 0Þ ¼ rpxxðx; lyÞ ¼
X1
m¼1;3;5;...
4C
mp
mp
lx
 2
þ A
" # sin mpx
lx
 
ð37ÞIt can be easily checked that the above series quickly converges towards the present solution given in Eq. (22)
due to ‘‘m3’’ in the denominator.
3.5. Determination of Um
3.5.1. Equating the general solution and the stress distribution along the C2 and C4
The aim is now to determine Um using boundary conditions along boundaries C2 and C4 deﬁned in Eq. (37).
Such a task is possible since both expressions are expanded with Fourier series. Equating both the boundary
conditions given in Eq. (37) and the general solution in Eq. (32) with y = 0 leads toX1
m¼1;3;5;...
X1
n¼1;3;5;...
F mn sin
mpx
lx
 
sin
npUm
ð2Um þ lyÞ
 
¼
X1
p¼1;3;5;...
Cp sin
ppx
lx
 
ð38ÞThe orthogonality property applied to this last equation leads toX1
n¼1;3;5;...
F mn sin
npUm
ð2Um þ lyÞ
 
¼ Cm ð39Þ
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n¼1;3;5;...
4Hð2Um þ lyÞ2
ðnpÞ3 mp
lx
 2
þ A
" #
þ np E mp
lx
 2
þ G
" #
ð2Um þ lyÞ2
sin
npUm
ð2Um þ lyÞ
 
¼ C
mp
lx
 2
þ A
" # ð40ÞFor the sake of simplicity, parameters denoted a, b and c are introduced. Eq. (40) can be rewritten as a func-
tion of three variables a, b and cS1ða; b; cÞ ¼
X1
n¼1;3;5;...
a
n3 þ bn sinðnpcÞ ¼
C
mp
lx
 2
þ A
" # ð41Þwitha ¼ 4H ð2Um þ lyÞ
2
mp
lx
 2
þ A
" #
p3
2
66664
3
77775
b ¼
Eðmp
lx
Þ2 þ G
mp
lx
 2
þ A
" #
p2
ð2Um þ lyÞ2
c ¼ Umð2Um þ lyÞ
8>>>>>>>>>><
>>>>>>>>>>:
ð42Þ3.5.2. Calculation of the series
Only odd coeﬃcients are involved in the above series. The following series are now introduced to perform
the practical calculation of S1(a,b,c) in Eq. (41):Sða; b; cÞ ¼ P1
n¼1
a
n3 þ bn sinðnpcÞ ¼ S1ða; b; cÞ þ S2ða; b; cÞ
S1ða; b; cÞ ¼ P1
n¼1;3;5;...
a
n3 þ bn sinðnpcÞ ðto be determinedÞ
S2ða; b; cÞ ¼ P1
n¼2;4;6;...
a
n3 þ bn sinðnpcÞ
8>>>><
>>>>:
ð43ÞA relationship between S(a,b,c) and S2(a,b,c) exists. It can be easily checked thatS2ða; b; cÞ ¼ 1
8
S a;
b
4
; 2c
 
ð44ÞThis expression allows the determination of S1(a,b,c) since one can deduce the following result from Eq. (43):S1ða; b; cÞ ¼ Sða; b; cÞ  1
8
S a;
b
4
; 2c
 
ð45ÞConsequently, the determination of S(a,b,c) directly leads to S1(a,b,c). Two diﬀerent sums can be distin-
guished in the above expression of S(a,b,c)X1
n¼1
a
n3 þ bn sinðnpcÞ ¼
a
b
X1
n¼1
1
n
sinðnpcÞ  a
b
X1
n¼1
n
n2 þ b sinðnpcÞ ð46Þ
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b
X1
n¼1
1
n
sinðnpcÞ  a
b
X1
n¼1
n
n2 þ b sinðnpcÞ ð47ÞS(a,b,c) is therefore the sum of the two following series which are calculated separately in the two following
sections.
3.5.3. Calculation of S(a,b, c)
The ﬁrst sum is equal toa
b
X1
n¼1
1
n
sinðnpcÞ ð48ÞIt can be shown (see Appendix A) that the above series converges towards the following function:a
b
X1
n¼1
1
n
sinðnpcÞ ¼ ap
2b
ð1 cÞ ð49ÞThe second sum is equal to a
b
X1
n¼1
n
n2 þ b sinðnpcÞ ð50ÞIt can be shown (see Appendix B) that the above series converges to the following function: a
b
X1
n¼1
n
n2 þ b sinðnpcÞ ¼ 
a
b
p
2 sinhðp ﬃﬃﬃbp Þ sinhðp
ﬃﬃﬃ
b
p
ð1 cÞÞ ð51ÞThe two above results directly lead to S(a,b,c) applying Eq. (47)Sða; b; cÞ ¼ ap
2b
ð1 cÞ  a
b
p
2 sinhðp ﬃﬃﬃbp Þ sinhðp
ﬃﬃﬃ
b
p
ð1 cÞÞ ð52Þ3.5.4. Calculation of S1(a,b, c)
Since S(a,b,c) is directly related to S1(a,b,c) (see Eq. (45)), this latter quantity can be calculatedS1ða; b; cÞ ¼ 4H
E mplx
 2
þ G
  1
4
 sinhð
ﬃﬃﬃ
d
p ðUm þ lyÞÞ
2 sinhð ﬃﬃﬃdp ð2Um þ lyÞÞ þ
sinh
ﬃﬃﬃ
d
p
ly
2
 !
4 sinh
ð2Um þ lyÞ
ﬃﬃﬃ
d
p
2
 !
2
66664
3
77775 ð53Þwithd ¼
E
mp
lx
 2
þ G
mp
lx
 2
þ A
" # ð54Þ3.5.5. Conclusion: calculation of Um
Introducing the above expression in Eq. (41) leads to an equation, where Um is unknown4H
E
mp
lx
 2
þ G
 ! 1
4
 sinhð
ﬃﬃﬃ
d
p ðUm þ lyÞÞ
2 sinhð ﬃﬃﬃdp ð2Um þ lyÞÞ þ
sinh
ﬃﬃﬃ
d
p
ly
2
 !
4 sinh
ð2Um þ lyÞ
ﬃﬃﬃ
d
p
2
 !
2
66664
3
77775 ¼
C
mp
lx
 2
þ A
" # ð55Þ
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taken into account. With usual values of patch and adhesive thicknesses ep and ea, say 1E  03m, the order of
magnitude of d is about 1E + 06m2 (in the examples shown in the following sections, d lies between 2E + 06m2
and 3E + 06m2). One can therefore writesinhð
ﬃﬃﬃ
d
p
ðUm þ lyÞÞ ’ e
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" # ð57Þwhich can be rewritten as follows:H
E
mp
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 2
þ G
 ! ½1 e ﬃﬃdp Um  ¼ C
mp
lx
 2
þ A
" # ð58ÞThis equation gives the following expression of Um:Um ¼  1ﬃﬃﬃ
d
p ln 1 Cd
H
 
ð59ÞIt must be underlined that Um is deﬁned only if the following condition is veriﬁed:Cd
H
< 1 ð60Þ
to avoid negative argument in the ln function. In practice, if bdH P 1, it can be shown that a solution can be found
by superimposing two solutions for which inequality (60) is veriﬁed, as illustrated in the examples below.
3.6. Conclusion
The above calculations lead to a solution in series for the 2D stress distribution in the patch given in Eq.
(32). This equations involves a quantity Um which is determined with Eq. (59) provided that condition (60) is
veriﬁed. Let us now examine the case of a patch subjected to in-plane shear stresses only.4. Adherents subjected to in-plane shear stresses only
4.1. Equilibrium
The case of a substrate subjected to shear in the (x,y) plane is studied in this section (see Fig. 2b). The nor-
mal stresses in the patch are assumed to be zero and only in-plane shear stresses take place in the patch. Sys-
tem of Eq. (1) becomesorpxy
oy
¼ r
a
xz
ep
orpxy
ox
¼ r
a
yz
ep
8>><
>>:
ð61ÞIn the same way, a similar assumption applied to the substrate leads toorsxy
oy
¼  r
a
xz
es
orsxy
ox
¼  r
a
yz
es
8>><
>: ð62Þ
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rpxy ¼ 0
(
ð63ÞFor the sake of simplicity, let us now consider the equations written along direction x only (similar results are
obtained along direction y). One can deduce from the two above systems of equationsep
orpxy
oy
¼ es
orsxy
oy
ð64Þthuso
oy
ðeprpxy þ esrsxyÞ ¼ 0 ð65ÞThis latter equation is integrated to giveeprpxy þ esrsxy ¼ f ðxÞ ð66Þ
Since the same calculation carried out along the y-direction would lead to similar result, one can deduce
f(x) = K. K is a constant which is determined with boundary conditions given in Eq. (63)eprpxy þ esrsxy ¼ esr1xy ð67Þ
Introducing in-plane displacements upx , u
p
y in the patch and u
s
x, u
s
y in the substrate, one can write from Eq. (61)orpxy
oy
¼ ðu
p
x  usxÞ
eaep
Ga
orpxy
ox
¼ ðu
p
y  usyÞ
eaep
Ga
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>>:
ð68ÞThese two above equations are diﬀerentiated with respect to y and x, respectively and the resulting equations
are added. This leads too2rpxy
ox2
þ o
2rpxy
oy2
¼ rpxy
Ga
Gpeaep
 rsxy
Ga
Gseaep
ð69ÞFeeding Eq. (67) in Eq. (69) leads too2rpxy
ox2
þ o
2rpxy
oy2
 c2rpxy ¼ a2r1xy ð70Þwithc2 ¼ Ga
ea
1
Gpep
þ 1
Gses
 
a2 ¼ Ga
eaepGs
8><
>>: ð71ÞIt can be easily checked that no usual analytical solution for Eq. (70) is available using the method of char-
acteristics. Eq. (70) is therefore solved with Fourier series in the following section.
4.2. Solution with Fourier series
Eq. (70) can be solved with two Fourier series, one expanded along direction x, the other along direction yrpxyðx; yÞ ¼
X1
m¼1
X1
n¼1
Hmn sin
mpx
lx
 
sin
npy
ly
 
ð72Þ
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This directly leads to HmnHmn ¼
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ð74ÞThe in-plane shear stress distribution in the patch writes ﬁnally as follows:rpxyðx; yÞ ¼
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ð75ÞThe in-plane shear stress in the adhesive is deduced from Eq. (61)raxz ¼ ep
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ð76Þ4.3. Conclusion
At this stage, a solution for the stress distribution in the patch and in the adhesive is available in two loading
cases: longitudinal stresses and shear stresses. The ﬁrst expression is somewhat more complicated than the sec-
ond one. This is due to the determination of parameter Um, which requires some heavy calculations. The objec-
tive of the next section is to use the above solutions in some typical examples and to discuss the results obtained.
5. Examples
5.1. Introduction
The above solutions are now used in three typical cases shown in Fig. 3. The substrate is assumed to be in
aluminium (Es = 72 GPa, ms = 0.32) and the patch in carbon/epoxy (Ex = 181 GPa, Ey = 10 GPa, mxy = 0.28,
Gxy = 7 GPa). The adhesive is assumed to be elastic and isotropic (Ea = 4.2 GPa, ms = 0.3). The size of the
square composite patch is 10 mm. This is in fact rather small compared to actual sizes, which would be used
in practice, but such a dimension is chosen to highlight very localized phenomena, which take place near the
free boundaries, along a distance which does not exceed some millimeters. The thickness of the aluminium
substrate, the glue and the composite patch are 1 mm, 0.15 mm and 0.5 mm, respectively. The strength of
the above materials is reported in Table 1. These values will turn out to be useful for determining the mode
of failure of diﬀerent patched structures studied below. To that end, the Von Mises criterion is used for both
the aluminium and the adhesive. For instance, for the aluminium substrate, it is written as follows:rsxx  rsyy
 2
þ rsxx2 þ rsyy2 þ 6rsxy2 6 2X 2 ð77Þ
Fig. 3. Loading cases under study. (a) Example 1a: Substrate subjected to tensile stresses along direction x in the case of a 0 patch.
(b) Example 1b: Substrate subjected to tensile stresses along direction x in the case of a 90 patch. (c) Example 2: Substrate subjected to
tensile stresses along directions x and y in the case of a 0 patch. (d) Example 3: substrate subjected to shear stresses.
Table 1
Ultimate stresses
Composite Aluminium Adhesive
X (MPa) 1786 440 70
X 0 (MPa) 1000 – –
Y (MPa) 42 – –
Y 0 (MPa) 150 – –
S (MPa) 80 – –
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6 1 ð78ÞIn the above expressions, X, X 0, Y, Y 0 and S are the usual ultimate stresses in tension, compression and shear
(Tsai and Hahn, 1980).
5.2. Classical solutions found in the literature
In the following Sections 5.3 and 5.4, the present bidimensional solution will be compared with two classical
solutions available in the literature. These two classical solutions are as follows:
• the ﬁrst one is the unidimensional solution (referred to as ‘‘1D’’ in the following) proposed in (Volkersen,
1938). It does not take into account the inﬂuence of the Poisson’s ratios. The corresponding stress distri-
bution in the patch can be written as follows:rpxxðxÞ ¼
Cu
Au
coshð
ﬃﬃﬃﬃﬃ
Au
p
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to as ‘‘2Dapp solution’’ in the following. It takes into account the inﬂuence of the Poisson’s ratios but it is
obtained from the equations of equilibrium (15) in which some terms have been removed (namely Brpyy and
Drpxx). The stress distribution in the patch can be written as follows:
along the x-directionrpxxðxÞ ¼
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ð83Þ5.3. Example 1: uniaxial loading
5.3.1. Introduction
The metallic substrate is subjected to tensile stresses along direction x only: r1xx ¼ 150 MPa (see Fig. 3). In
this case, it can be checked that the condition reported in Eq. (60) is not veriﬁed. The idea is therefore to per-
form the calculation in two cases for which this condition is veriﬁed and then to subtract the results obtained
in the two cases. The two following loading cases have been considered: case 1 (r1xx ¼ n (in MPa), r1yy ¼ n) and
case 2 (r1xx ¼ n 150 MPa, r1yy ¼ n). Various choices for n verifying condition (60) have been tested. It has
been checked through several calculations which are not reported here that results found in practice in all cases
are almost the same (only small numerical errors occur), provided that the order of magnitude of n is the same
as that of the loading along x, that is some hundreds of MPa.
Two cases are considered below. In the ﬁrst case, the ﬁbers are aligned with the x-direction (0 case)
whereas the ﬁbers are rotated through 90 in the second case (90 case).
5.3.2. 0 patch results
Stress distribution found in both cases are reported in Figs. 4 and 5, respectively. Several points are worth
noting:
• the rpxx and rpxz distributions do not depend on the y-direction. This shows that the 1D and 2Dapp solutions
remain valid in this case, as illustrated in Fig. 4 where these solutions have been reported;
• rpyy compressive stresses take place along the y-direction (see Fig. 5a). They are due to the diﬀerence of Pois-
son’s ratios between both the substrate and the composite. Since the ﬁrst one is greater than the second one,
compressive stresses are induced. It must be noted that these compressive stresses are maximum along C1
and C3. This is due to the fact that the tensile loading induces longitudinal stresses along x in the substrate
which decrease under the patch because of its reinforcement eﬀect. In the same way, the longitudinal stress
in the patch along x increases from zero at the boundary to its maximum value at the center. The two above
properties imply that the eﬀect of the diﬀerence between Poisson’s ratios is maximum along C1 and C3 and
0
0.005
0.01
0
0.005
0.01
0
5
10
15
x 107
x (m)y (m)
st
re
ss
 (P
a)
1D solution          
2Dapp solution
present solution     
0
0.005
0.01
0
0.005
0.01
–5
0
5
x 107
x (m)y (m)
st
re
ss
 (P
a)
1D solution          
2Dapp solution
present solution     
a b
Fig. 4. Stress distribution in the 0 patch and in the adhesive along direction x. Substrate subjected to tensile stresses along direction x.
(a) rpxx distribution and (b) r
a
xz distribution.
Fig. 5. Stress distribution in the 0 patch and in the adhesive along direction y. Substrate subjected to tensile stresses along direction x.
(a) rpyy distribution, bidimensional solution, (b) r
p
yy distribution, 2Dapp solution, (c) r
a
yz distribution, bidimensional solution and
(d) rayz distribution, 2Dapp solution.
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p
yy remains small compared to the
maximum value of rpxx discussed above (about 100 times lower), but these stress levels must be compared to
the corresponding strengths (see below);
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the other hand, the 2Dapp solution (Eqs. (81) and (82)) enables to estimate the transversal components (see
Fig. 5b). There is however an important diﬀerence of stress value at the center of the patch in this case: the
maximum stress value with the 2Dapp solution is 2.8 times greater than the stress calculated with the bidi-
mensional solution. This diﬀerence decreases near free edges and becomes lower than 1%;
• the rayz shear stress gradient is localized near the four corners (see Fig. 5c). Its amplitude is however negli-
gible compared to raxz;
• 1D theory does not enable to calculate the rayz shear stress distribution. The 2Dapp solution provides this
shear stress distribution (see Fig. 5d). It is interesting to note that there is a diﬀerence of maximum stress
value between the present bidimensional model and the 2Dapp solution which is equal to 7%.
One can also estimate the nature of the patched structure failure using the Von Mises criterion for both the
substrate and the adhesive and the Tsai-Wu criterion for the composite. The ﬁrst one is normalized with the
ultimate stress in tension to obtain comparable results between both criteria. This leads to a ratio R between
actual and ultimate stress levels. In other words, R = 1 means that failure is reached whereas R < 1 means that
no failure occurs. Results are reported in Table 2. In the present example, the adhesive would be the ﬁrst mate-
rial to reach failure.
5.3.3. 90 patch results
Stress distribution found in both cases are reported in Figs. 6 and 7, respectively. Several points are worth
noting:
• 2D eﬀects are visible for both the rpxx and the rpyy distributions. The amplitude of rpxx is maximum at the cen-
ter of C2 and C4 whereas rpyy is maximum at the center of C1 and C3;
• it is worth noting that the amplitude of rpyy is greater than the maximum value of rpxx. This is due to the fact
that the minor Poisson’s ratio is much lower than the Poisson’s ratio of aluminium, thus maximizing the
eﬀect of the diﬀerence between Poisson’s ratios of substrate and patch. Moreover, the Young’s modulus
of the patch is maximum along the y-direction and rpyy is therefore maximum at the same place;Table 2
Maximum stresses and ratio R for the three materials, Example 1a, 0 patch
Composite Aluminium Adhesive
Maximum stress rxx (MPa) 143 78 43
Maximum stress ryy (MPa) 6.25 3.13 4.4
Ratio R (%) 6.1 3 117.8
Fig. 6. Stress distribution in the 90 patch and in the adhesive along direction x. Substrate subjected to tensile stresses along direction x.
(a) rpxx distribution and (b) r
a
xz distribution.
Fig. 7. Stress distribution in the 90 patch and in the adhesive along direction y. Substrate subjected to tensile stresses along direction x.
(a) rpyy distribution, bidimensional solution, (b) r
p
yy distribution, 2Dapp solution, (c) r
a
yz distribution, bidimensional solution and (d) r
a
yz
distribution, 2Dapp solution.
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along the free edge;
• the 1D solution does not provide rpyy but the 2Dapp solution gives a reasonable solution. Indeed, the max-
imum value diﬀerence between the present bidimensional solution and the 2Dapp solution is lower than 1%;
• the shape of the rpyz distribution is similar to the rpxz distribution, but it is presently rotated through 90.
Note however that very small shear stress peaks are visible at the four corners;
• it is also worth noting that the shear stress amplitude of raxz and of rayz is about the same despite the fact that
the loading is applied along direction x only;
• the maximum value of rayz calculated with the 2Dapp solution is 5% lower than maximum value calculated
with the present solution.
The failure criteria (77) and (78) are applied in the current case. Results are reported in Table 3. In the pres-
ent example, the composite reaches failure. It can be checked with the maximum stress criterion that failure
would occur in traction, perpendicularly to the ﬁbers.
5.3.4. Conclusion
As expected, the 1D solution gives a reasonable prediction of the longitudinal stress components but it is
unable to provide the transverse stress distribution. The 2Dapp solution also provides a correct solution of the
longitudinal stress components but some diﬀerences between the 2Dapp and the present solution are obtained
in the transverse direction. Let us now examine the case of a typical biaxial loading which is expected to give
rise to more complicated bidirectional stress distributions.
Table 3
Maximum stresses and ratio R for the three materials, Example 1b, 90 patch
Composite Aluminium Adhesive
Maximum stress rxx (MPa) 19 140 14
Maximum stress ryy (MPa) 46 23 13
Ratio R (%) 36.4 8.7 23
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5.4.1. Introduction
In this example, a metallic substrate is subjected to a tensile loading applied along both directions x and y
(see Fig. 3). Fibers are aligned with the x-direction. Eq. (32) obtained in Section 3 is used to compute both the
rpxx and r
p
yy stress distributions in the patch. The r
a
xz and r
a
yz shear stress distributions are then deduced using
Eq. (3). Thirty one terms are used in practice to compute the series. This number has been checked to be suf-
ﬁcient with some preliminary convergence calculations.
A ﬁnite diﬀerence model of this problem has been solved using the Matlab package. This solution is used
here as a reference solution which will be compared with the present bidimensional solution and the classical
ones recalled in Section 5.2.5.4.2. Results
Stress distributions given by the diﬀerent solutions are plotted in Figs. 8 and 9. Several points are worth
noting:
• the distribution calculated with the ﬁnite diﬀerence model is plotted in Fig. 8. There is no visible diﬀerence
between the present and the reference solutions. Note that raxz is equal to 0 along the free edge in Fig. 8d.
This is due to the fact that the imposed boundary conditions implemented in the ﬁnite diﬀerence model are
rigorously veriﬁed in the results obtained;
• as expected, the rpxx distribution depends on x and y. In the x-direction, stresses increase from zero at the
boundary to the maximum value at the center. The diﬀerence between 1D solution and the present bidimen-
sional model is equal to 700% because it does not take into account the compression caused by the trans-
verse stress. The corresponding distribution is not plotted in Fig. 8. Compression is taken into account with
the 2Dapp solution. However this solution does not include the coupling between both directions as
explained in Section 5.2 above. As a result, the maximum value of the 2Dapp solution is 31% lower than
the bidimensional solution;
• it must be pointed out that for a given direction, says x, the stress distribution is due to the applied loading
as well as to the diﬀerence between the Poisson’s ratio of both the substrate and the patch. This latter
induces an additional contribution when a loading along the perpendicular direction is applied. Such an
eﬀect cannot be taken into account with classical 1D theories and involves a bidirectionnal distribution
of stresses in the composite. This bidirectionnal distribution brings about two load transfers for each stress
component;
• the evolution of rpyy depends only on the y-direction. Note however that the increasing rate is diﬀerent from
one case to each other. The transfer length is shorter along direction y because Ey is much lower than Ex. A
rough estimate of this transfer length obtained with the 1D-solution in Eq. (23) gives 5.6 mm and 1.9 mm as
transfer lengths along directions x and y, respectively. These values are in agreement with the order of mag-
nitude of the transfer lengths along directions x and y. Both transfer lengths can be seen with naked eyes in
Figs. 8 and 9. As a conclusion, both the 1D and 2Dapp solutions enable to estimate the rpyy distribution in
this case;
• shear stress peaks take place at the boundary of the adhesive for the raxz distribution. There is a 700% dif-
ference between the 1D solution and the bidimensional model. The 2Dapp model gives a maximum value of
the stress peak which is 37% lower than the bidimensional model. The actual distribution is rigorously zero
Fig. 8. Stress distribution in the 0 patch and in the adhesive along direction x. Substrate subjected to tensile stresses along direction x and
direction y. (a) rpxx distribution, bidimensional solution, (b) r
a
xz distribution, bidimensional solution, (c) r
p
xx distribution, ﬁnite diﬀerence
solution, (d) raxz distribution, ﬁnite diﬀerence solution, (e) r
p
xx distribution, 2Dapp solution and (f) r
a
xz distribution, 2Dapp solution.
6940 J.D. Mathias et al. / International Journal of Solids and Structures 43 (2006) 6921–6947at the boundary and then suddenly increases as shown by the ﬁnite diﬀerence programme, but this feature
cannot be described by the current approach because of the diﬀerent assumptions under which the calcu-
lations are performed;
• both the 1D and 2Dapp solutions are suﬃcient to calculate the rayz distribution in this case.
The failure criteria (77) and (78) are applied in the current case. Results are reported in Table 4. In the pres-
ent example, the highest ratio is that of the composite, thus showing that the composite patch would be the
ﬁrst material to reach failure in this case.
Fig. 9. Stress distribution in the 0 patch and in the adhesive along the direction y. Substrate subjected to tensile stresses along direction x
and direction y. (a) rpyy distribution and (b) r
a
yz distribution.
Table 4
Maximum stresses and ratio R for the three materials, Example 2
Composite Aluminium Adhesive
Maximum stress rxx (MPa) 13 93 4
Maximum stress ryy (MPa) 35 283 25
Ratio R (%) 78.9 32.2 39.2
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In the transverse direction where only y is involved, the 1D and the 2Dapp solutions provide reasonable pre-
dictions of stress distributions. On the other hand, there are some signiﬁcant diﬀerences in the longitudinal
direction. Results obtained with the present bidimensional approach are validated by the results provided
by a ﬁnite diﬀerence programme.
5.5. Example 3: shear stresses
Results obtained in Section 4 are used to study a substrate subjected to uniform shear stresses
r1xy ¼ 150 MPa (see Fig. 3d). Shear stress distributions rpxy and raxz are plotted in Fig. 10. The rayz distribution
is not reported here because it is similar to the raxz distribution for symmetry reason, apart from a 90 rotation
between both distributions. As expected, the shear is maximum at the center of the patch. It increases from
zero to the maximum value along the transfer length which is rather short in the current case. It is about
1.6 mm. This induces transverse shear stresses raxz and r
a
yz whose amplitudes are about the same as the max-
imum in-plane shear stress in the patch. The present results are validated by the ﬁnite diﬀerence programme
which provides the same stress distributions, as shown in Fig. 10c and d. The failure criteria (77) and (78) are
ﬁnally applied in the current case. Results are reported in Table 5. In the present example, the adhesive would
be the ﬁrst material to reach failure if load increases.
As a conclusion, it must be underlined that the present solution provides some stress distributions which
cannot be found using the 1D or 2Dapp models.
6. Sensitivity analysis
The aim here is to examine the sensitivity of some parameters to the Um parameter which governs the bidi-
mensional nature of the solution. The example of Section 5.4 is considered again. The inﬂuences of the Pois-
son’s ratio of the substrate, of the adhesive thickness and of the orthotropic nature of the composite patch are
Fig. 10. Stress distribution in the patch and in the adhesive. Substrate subjected to in-plane shear stresses. (a) rpxy , bidimensional solution,
(b) raxz, bidimensional solution, (c) r
p
xy , ﬁnite diﬀerence solution and (d) r
a
xz, ﬁnite diﬀerence solution.
Table 5
Maximum stresses and ratio R for the three materials, Example 3
Composite Aluminium Adhesive
Maximum shear stress rxy (MPa) 61 120 18
Ratio R (%) 18 7.2 106
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1
xx
r1yy
. U1
has indeed the strongest inﬂuence on the solution, as can be checked in the series in Eq. (32) which provides
rpxx. r
1
xx is ﬁxed: it is equal to 150 MPa and r
1
yy is variable. The following remarks can be formulated:
• the inﬂuence of ms on U1 is plotted in Fig. 11 for values of ms lying between 0.25 and 0.35. Its inﬂuence on the
bidimensional nature of the solution clearly appears, especially for small values of r. This latter property
shows that ms must be precisely known in theses cases. Indeed, a small variation of ms gives rise to important
errors in the two-dimensional stress distribution for small values of r;
• the inﬂuence of ea on U1 is represented in Fig. 12 for values of ms lying between 0.1 mm and 0.3 mm. Con-
trary to ms, ea inﬂuences the bidimensional nature of the solution for important values of r;
• Fig. 13 shows the inﬂuence of the transverse Young’s modulus Ey on U1. It can be observed that the inﬂu-
ence of Ey (that is the degree of anisotropy) is signiﬁcant for important values of r. Indeed, Ey is related to
the transverse Poisson’s ratio myx
mxy
Ex
¼ myxEy
 
. It also contributes to the eﬀect of the diﬀerence of Poisson’s
ratios between substrate and composite.
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Bidimensional distributions of the stress in rectangular composite patches bonded on isotropic substrate
subjected to normal or shear stresses are determined in this paper. Transfer lengths found are about the same
as those provided by usual unidimensional approaches, but some bidimensional eﬀects mainly due to the Pois-
son’s ratios of the diﬀerent materials are clearly evidenced. The bidimensional solution is validated in two
cases (biaxial loading and in-plane shear loading) with a ﬁnite diﬀerence model. It is also compared with clas-
sical solutions in the case of unidirectional and biaxial loadings. In the last case, the diﬀerence between these
classical solutions and the present bidimensional solution is signiﬁcant.
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Appendix A. Convergence of a
b
+
‘
n¼1
1
n
sinðnpcÞ
The aim here is to computea ¼ a
b
X1
n¼1
1
n
sinðnpcÞ ðA:1ÞFor this purpose, let us consider a function F deﬁned byF ðxÞ ¼ a
b
X1
n¼1
1
n
sinðnpxÞ ðA:2ÞAs can be seen,F ðcÞ ¼ a ðA:3Þ
Let us consider another function f deﬁned byf ðxÞ ¼ ð1 xÞ for 0 6 x < T ðA:4Þ
f is duplicated for xP T (see Fig. 14).
Let us consider the development in Fourier series of function f. It is deﬁned by its coeﬃcients ai,
i = 0, . . . ,+1 and bi, i = 1, . . . ,+1Fig. 14. Function f.
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X1
n¼1
an cos
2np
T
x
 
þ bn sin 2npT x
 	 

ðA:5Þwitha0 ¼ 1T
Z T
0
f ðxÞdx
an ¼ 2T
Z T
0
f ðxÞ cos 2np
T
x
 
dx
bn ¼ 2T
Z T
0
f ðxÞ sin 2np
T
x
 
dx
8>>>>><
>>>>:
ðA:6ÞIt can be easily checked thata0 ¼ 1 T
2
 
; an ¼ 0 8nP 1
bn ¼ Tnp
8><
>: ðA:7ÞThus f(x) writes as follows:f ðxÞ ¼ 1 T
2
 
þ
X1
n¼1
T
np
sin
2np
T
x
 
ðA:8ÞChoosing T = 2 and comparing Eqs. (A.2) and (A.8) leads toF ðxÞ ¼ a
b
p
T
ðf ðxÞ  a0Þ ðA:9ÞThusF ðxÞ ¼ ap
2b
½1 x ðA:10ÞApplying Eq. (A.3) leads toa
b
X1
n¼1
1
n
sinðnpcÞ ¼ ap
2b
ð1 cÞ ðA:11ÞAppendix B. Convergence of  a
b
+
‘
n¼1
n
n2þb sinðnpcÞ
The aim here is to computeb ¼  a
b
X1
n¼1
n
n2 þ b sinðnpcÞ ðB:1ÞFor this purpose, let us consider a function G deﬁned byGðxÞ ¼
X1
n¼1
 a
b
n
n2 þ b sinðnpxÞ ðB:2ÞAs can be seen,GðcÞ ¼ b ðB:3Þ
Let us consider a function g deﬁned bygðxÞ ¼ c sinh k 1
2
 x
T
  
; 0 6 x < T ; c; k 2 R ðB:4Þg is duplicated for xP T (see Fig. 15).
Fig. 15. Function g.
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ai, i = 0, . . . ,+1 and bi, i = 1, . . . ,+1 such thatgðxÞ ¼ a0 þ
X1
n¼1
an cos
2np
T
x
 
þ bn sin 2npT x
 	 

ðB:5Þg is an odd function, hence an = 0. bn is deﬁned bybn ¼ 2cT
Z T
0
sinh k
1
2
 x
T
  
sinðnxxÞdx ðB:6Þintegrating by parts leads tobn ¼ n
k
2p
 2
þ n2
2c
p
sinh
k
2
 
ðB:7ÞIn conclusiongðxÞ ¼
X1
n¼1
n
k
2p
 2
þ n2
2c
p
sinh
k
2
 
 sin 2np
T
x
 
ðB:8ÞComparing Eq. (B.8) and the deﬁnition of b in Eq. (B.1) shows thatb ¼ k
2p
 2
T ¼ 2
 a
b
¼ 2c
p
sinh
k
2
 
8>>><
>>>:
ðB:9ÞThus k ¼ 2p ﬃﬃﬃbp and c ¼  ab p2 sinhðp ﬃﬃbp Þ.
As a conclusion a
b
X1
n¼1
n
n2 þ b sinðnpcÞ ¼ 
a
b
p
2 sinhðp ﬃﬃﬃbp Þ sinhðp
ﬃﬃﬃ
b
p
ð1 cÞÞ ðB:10ÞReferences
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